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Now that we have a general expression for the 

relative motion of two bodies perturbed by other 

bodies it would be a simple matter to reduce it to an 

equation for only two bodies.

4-THE TWO-BODY PROBLEM

 There are two assumptions we will make with regard 

to our model:

1- The bodies are spherically symmetric (Note 3-page11-{2})

2- There are no external non internal forces acting on the 

system other than the gravitational forces (Note 4-page12-{2})
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 (Note 5 Page12 {2})

 Consider the system of two 

bodies of mass M and m

 Let    be an 

internal set of rectangular 

cartesian coordinates.

4-THE TWO-BODY PROBLEM

),,( zyx 

 Let be a set of nonrotating coordinates parallel to

and having an origin coincident with the body 

of mass M. 

 The position vectors of the bodies M and m are    and      .

cartesian coordinates.

),,( zyx

),,( zyx 

Mr mr
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 We have defined 

4-THE TWO-BODY PROBLEM

 By applying Newton�s laws 

in the inertial frame ),,( zyx in the inertial frame 

we will obtain:

),,( zyx 
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 The above equations may be written:

4-THE TWO-BODY PROBLEM

 Subtracting equation (2) from (1) we have

(1)

(2)

 Subtracting equation (2) from (1) we have

Mm rrr  

(3)

 Equation (3) is the vector differential equation of the 

relative motion for the two-body problem. (Note 6 

Page13 {2})
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 Since our efforts will be devoted to studying the 
motion of satellites . Ballistic missiles or space probes 
orbiting about some planet or the sun, Hence we see 
that:

4-THE TWO-BODY PROBLEM

 It is convenient to define a parameter     ,called the 
gravitational parameter as:

 Then the equation 3 becomes:

(4)


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 Equation(4) is the  two-body equation of motion 

 Remember the results obtained from equation(4) will be 

only as accurate as the assumptions (1),(2) and the 

4-THE TWO-BODY PROBLEM

(4)

assumption that 

 If m is not much less than M.

then must be used in place of 
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 will have a different value for each major 

attracting body

4-THE TWO-BODY PROBLEM


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4-THE TWO-BODY PROBLEM

 Above figure shows two point masses acted upon only by the 

Equations of motion in an inertial frame:

force of gravity between them. (Note 7. P 34.{1})

 The position vector    of the center of mass   of the system is 

defined by the formula:

 Therefore the absolute velocity and the absolute acceleration 

of      are: (Note 8. P 35.{1})

GR G

(1)

G

(2)

(3)
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4-THE TWO-BODY PROBLEM

 Let r be the position vector      relative to    , then:2m 1m

(4)

 Furthermore, let    be the unit vector pointing from

towards      , so that

ru� 1m

2m (5)(5)

 Where              the magnitude of rrr 

 The gravitational attraction force exerted on    by    is 2m 1m

(6)

Note 9. P 36.{1}
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4-THE TWO-BODY PROBLEM

 Newton�s second law of motion as applied to body      is 

, where     is the absolute acceleration of 

thus: 

(7)

2m

2m

 By Newton�s third law                   , so that for      we have

 Equations (7) and (8) are the equations of motion of the two 

bodies in inertial space

(8)

1m
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 According to Equ.(3), that means the acceleration of the 

center of mass G of the system of two bodies     and     is zero.

 G moves with a constant velocity      in a straight lines, so that 

4-THE TWO-BODY PROBLEM

 By adding each side of these equations together we find:

1m 2m

 G moves with a constant velocity      in a straight lines, so that 

its position vector relative to XYZ given by

(9)

GV

 Where      is the position of G at time        

 The center of mass of a two-body system may therefore serve 

as the origin of an inertial frame.

0GR 0t
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4-THE TWO-BODY PROBLEM

Use the equations of motion to show why orbiting astronauts 

experience weightlessness.

Example

Solution:

 We sense weight by feeling the contact forces that developed 
wherever our body is supported.wherever our body is supported.

 Consider an astronaut of mass       strapped into the space 

shuttle of mass       in orbit about the earth.

 The distance between the center of the earth and spacecraft is 

r, and the mass of the earth is  

 Sense the only external force on the space shuttle is that of 

gravity        the equation of motion of the shuttle is:

Am

Sm

Em

(a)
Page 81 / 338



4-THE TWO-BODY PROBLEM

 According to equation (6) 

EXAMPLEEXAMPLE

(b)

:�ru is the unit vector pointing outward from the earth to space shuttle. 

 Thus (a) and (b) imply: Thus (a) and (b) imply:

(c)

 The equation of motion of the astronaut is:

(d)

:) gAF the weight of the astronaut

:AC the net contact force on the astronaut from restraints (seat, seat belt�)

:Aa the astronaut�s acceleration.
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4-THE TWO-BODY PROBLEM

 According to Equ.(6) 

EXAMPLEEXAMPLE

(e)

 Since the astronaut is moving with the shuttle we have:

(f)

 Substituting (e) and (f) into (d) yields:

 From which it is clear that 0AC
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