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12- PARABOLIC TRAJECTORIES

«For the parabola (e=1) Equation:

,uzt_/g dv
B J, (14 ecos)?

*becomes:
L f & ®
W Jy (14 cosv)?
*In integral tables we find that:
fﬂ dy 1, 6. 1 0
= =i TAN— = —an—
o (14+cos)> 2 2 B 2
* Therefore equation (1) may be written as:
(Barker’s Equation) 1 2 1 -0 /
M, = —tan — + — tan” — 2
8= g MG T 2 ()
*Where M, = & (3)
h3
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12- PARABOLIC TRAJECTORIES

Mean anomaly, MP

3
M, = — 3)

* M, Isdimensionless, and it may be thought of as
the “mean anomaly” for the parabola.
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True anomaly, ¢
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12- PARABOLIC TRAJECTORIES

* Given the anomaly ¢, we find the time directly from
Equations (3) , (2).

. 1t 9+1t L
1 — “—~ Tali"— e 5 1 T e
gl e Mg

2
_pt
P — h3
* |f time is the given variable, then we must solve the
cubic equation:
1(tan9)3+1mn9 —M,=0
6 2 22 ?

* Which has but one real root, namely:

L] =

g g = [Wp +/6M,)2 + 1]3 — [(SMP +,/BM,2 + 1)} @3
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12- PARABOLIC TRAJECTORIES

EXAMPLE 12.1

* A geocentric parabola has a perigee velocity of

10 km/s . How far is the satellite from the center of

the earth six hours after perigee passage?
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12- PARABOLIC TRAJECTORIES

* Solution: EXAMPLE 12.1

* \We will find the periaee radius from eguation:
210 2 - 398 600
e, — —
P 2 102

() p

X S0 that the angular momentum is

h = rpv, = 7972 - 10 = 79720 km? /s
* Now we can calculate the parabolic mean anomaly:
w’t 3986007 - (6 - 3600)
B 797203
* So that 3M, =20.321 rad. Equation(4) yields the true anomaly:

= 7972 km

M, = = 6.7737 rad

3

2] 1
tan = = [20.321 ++v203212 + 1} ¥ [(20.321 ++203212 + 11]

= 3.1481 = 6 = 144.75°

* Finally, we substitute the true anomaly into the orbit equati 0,-: :
to find the radius: 79 72()2 1 "

"= 398600 1 + cos(144.75°)
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12- HYPERBOLIC TRAJECTORIES

Mean anomaly, M,

X For the hyperbola (e>1) the Equation:

,'L d
n (£ = 1) [ (14 ecos})?
* After some substitutions becomes:
B en/e2 — 1sinf i Je+ 1+ +/e—1tan(6/2) 1)
ol 1+ ecosé n(\/ﬁ’ﬂ-—l— e—ltan(é’ﬁ))

*Where, M;, is the hyperbolic mean anomaly:
2

M, = "; (€ — 1)t (2)
I
* Equation (1) is plotted in the below figure
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12- HYPERBOLIC TRAJECTORIES

b,
X
2, Z
-
Vo .~
Il|'
—_— ] -
-
-,
:
'
L
;
-
A .
4 e
#
[, "
&
.
l.-n.'.. Jf
'l.'. Fr
% -
& -
. 5
-
N
Apse I v e
5
I- i r"' =
ne F::H:us L BN
;
.lIl 3 N
i — "
.lI' )
L
|lll *
- "~
- £
L
.
£
.
L]
LY
L1
LY
.
LS
;
L
N
(9
i
kS
2
LY

* (NOTE 22,P126,{ 1})
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12- HYPERBOLIC TRAJECTORIES

* \We define F to be such that: sinh F = 7 3)
X |t is consistent with the definition of ~ sinh F to define the
hyperbolic cosine as: o = 2 (4)
* \We can prove that: =
St — vel —1sind (5)
1 + ecos®d
F = sinh™! ( ik sinb") (6)
1+ ecosé@

. mli,fe + 14 Je—1 tan(ﬂ,@}]
- e A E—1 anl By D) (7)

* Substituting equation(7),(5) into equation(l), yields Kepler’s
equation for the hyperbola, Mj;, =esinhF—F (8)
*this equation is plotted for several different eccentricities in

below figure: oo .
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12- HYPERBOLIC TRAJECTORIES

* |f time Is the given quantity, then equation(8), must
be solved for F by an iterative procedure, as was
the case for the ellipse  ,;, — csinhr—F

* To apply Newton’s procedure to the solution of
Kepler’s equation for the hyperbola, we from the
function:

f(F) =esinhF — F — M,
*x And seek the value of F that makes f(F)=0 since
f'(F) = ecoshF — 1

* Equation becomes
esinh F; — F; — M, 9)

Fiy1 =F; —
A ’ ecosh F; — 1

x All quantities in this formula are dimensionl
(radians, not degrees).
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12- HYPERBOLIC TRAJECTORIES

* When determining orbital position as a function of
time with the aid of Kepler’s equation, it Is
convenient to have position r as a function of
eccentric anomaly.

* Thisisobtained by substituting equation:

coshF —e
cosf =
] —ecosh F
* |nto equation
e’ -1
r=a
1-ecoshF

* This reducesto:

r =a(ecoshF -1) (10)
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