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19- ORBITAL ELEMENTS AND THE STATE VECTOR

TO define an orbit in the plane requires two 
parameters:

- The eccentricity(e)

- The angular momentum (h)

Note G P158 {1}Note G P158 {1}

To locate a point on the orbit, requires a third 
parameter:

- The true anomaly(which leads us to the time since 
perigee (È)

Describing the orientation of an orbit in three 
dimensions requires three additional parameters

- The Eulers angels, (i), (¿), (w)
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

 Note E P158 {1}

 Node line

 Ascending node

Node line vector N Node line vector N

 Descending node
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

 (the second Euler angle)
inclination (i), measured
according to the right-hand rule
counterclockwise around the
node line vector, i is also the
angle between the positive z
axis and the normal to the planeaxis and the normal to the plane
of the orbit.

 Recall from previous chapters,
that the angular momentum
vector h is normal to the plane
of the orbit.

Therefore the inclination i is the angle between the positive 
z axis and h.
 The inclination is a positive number between 0Ŋ and 180Ŋ
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

- ¿ right ascension (RA) of the ascending node 

- e eccentricity

- W argument of perigee

- È true anomaly (or mean anomaly M)
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

Given the position r and velocity v of a satellite in 

the geocentric equatorial frame, how do we obtain 

the orbital elements? In other words how do we 

obtain orbital elements from the state vector?

 The step-by-step procedure is outlined bellow: (we 

can also use this procedure for other planets and 

sun, buy defining the frame of reference and 

substituting the appropriate gravitational 

parameterì) 
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

 Obtain orbital elements from the state vector.

1- Calculate the distance,

2- Calculate the speed,

ALGORITHM 4.1

2- Calculate the speed,

3- Calculate the radial velocity,  

 Note that if             , the satellite is flying away from peigee. 

 If              , it is flying towards perigee.
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

4- Calculate the specific angular momentum,

5- Calculate the magnitude of the specific angular momentum,5- Calculate the magnitude of the specific angular momentum,

the first orbital element.

6- Calculate the inclination,

This is the second orbital element. Recall that I must lie between 
0Ŋand 180Ŋ, so there is no quadrant ambiguity. If 90Ŋ<i≤180Ŋ, the 
orbit is retrograde.
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

7- Calculate

This vector defines the node line.

8- Calculate the magnitude of N, 

9- Calculate the RA of the ascending node,9- Calculate the RA of the ascending node,

the third  orbital element. If                , then O lies in either the 
first of fourth quadrant. If then O lies in either the 
second or third quadrant. To place O in the proper quadrant, 
observe that  the ascending node lies on the positive side of the 
vertical XZ plane (0≤ O <180�) if On the other hand, 
the ascending node lies on the negative side of the XZ plane 
(180�≤ O <360�) if Therefore, implies that 
0< O <180�, whereas implies that 180�<O <360�. In 
summary,
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10. Calculate the eccentricity vector, starting with equation 2.30,

So that

11- Calculate the eccentricity
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

The fourth orbital element. Substituting equation 4.10 leads to a 
form depending only on the scalars obtained thus far.

12- Calculate the argument of perigee,

the fifth orbital element. If N. e>0, then w lies in either the first the fifth orbital element. If N. e>0, then w lies in either the first 
of fourth quadrant. If N. e<0, then w lies in either the second or 
third quadrant. To place w in the proper quadrant, observe that 
perigee lies above the equatorial plane (0≤w<180�)if e points up 
(in the positive Z direction), and perigee lies below the plane 
(180� ≤w<360�) if e points down. Therefore, implies that

0 <w<180�, whereas implies that 180� <w<360�. To 
summarize,  
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13- Calculate the true anomaly,

the sixth orbital element. If e.r>0, then o lies in the first of fourth 
quadrant. If e.r<0, then o lies in the second or third quadrant. To 
place o in the proper quadrant, note that if flying away from 
perigee (r.v>0), then 0≤o<180�, whereas if the satellite is flying 
towards perigee (r.v<0), then 180� ≤o<360�. Therefore, using towards perigee (r.v<0), then 180� ≤o<360�. Therefore, using 
the result of step 3 above

Substituting equation 4.10 yields an alternative form of this 
expression,

The procedure described above for calculating the orbital 
elements is not unique.
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

 Given the state vector,

 Find the orbital elements h,i,O,e,w and o using algorithm 4.1.

STEP 1:

EXAMPLE 19.1

STEP 1:

STEP 2:

STEP 3:

Since the satellite is flying away from perigee
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STEP 4:

STEP 5:

EXAMPLE 19.1EXAMPLE 19.1

STEP 5:

STEP 6:

STEP 7:
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STEP 8:

Using (g) and (h), we compute the right ascension of the node.

STEP 9:

EXAMPLE 19.1EXAMPLE 19.1

From (g) we know that therefore, O must lie in the third
quadrant,

STEP 10:
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STEP 11:

Clearly, the orbit is an ellipse.

STEP 12:

EXAMPLE 19.1EXAMPLE 19.1

STEP 12:

w lies in the first quadrant if which is true in this case, as
we see from (j). Therefore,
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