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19- ORBITAL ELEMENTS AND THE STATE VECTOR

« | O define an orbit in the plane requires two
parameters.

The eccentricity(e)
The angular momentum (h)
xNote G P158 { 1}

*xTo locate a point on the orbit, requires a third
parameter:

The true anomaly(which leads us to the time since
perigee (O)
xDescribing the orientation of an orbit in three
dimensions requires three additional parameters :
- The Eulers angels, (1), (QQ), (w)
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K
*x Note E P158 { 1} Earth’s north polar axis
Z e
Satellite /1
* Nodeline A Perige
&
: h
* Ascending node 1/ |
Earth's equatorial plane
* Node line vector N o]
i ¥
* Descendi ng node Ascending node
Q
X
- Nodeline N

i
*x (the first Euler anéé) the right ascension of /the

ascending node (L), RAAN 1s a positive numbe :
(6'+360)
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

x (the second Euler angle)

inclination (i), measured
according to the right-hand rule
counterclockwise around the
node line vector, i is aso the
angle between the positive z
axis and the normal to the plane
of the orbit.

Recall from previous chapters,
that the angular momentum
vector h is norma to the plane
of the orbit.

Therefore the inclination i is the angle between the positiVe ;

z axisand h.

* Theinclination is a positive number between 0" and 180°
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

* (the third Euler angle)
the argument of perigee
®, (N7 &), is a positive
number between 0 and
360", and measured in

the plane of the orbit.

* In summary, the six
orbital elements are:

h  specific  angular
momentum (or
semimajor axis a)

i inclination , /i
- Q right ascension (RA) of the ascending node
- eeccentricity
- W argument of perigee

- O true anomaly (or mean anomalg}/ M)
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*Glven the position r and velocity v of a satellite in
the geocentric equatorial frame, how do we obtain
the orbital elements? In other words how do we

obtain orhital elements from the state vector?

* The step-by-step procedure is outlined bellow: (we
can also use this procedure for other planets and

sun, buy defining the frame of reference and

substituting  the  appropriate gravitational"*“f“

parameter (1)
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ALGORITHM 4.1

x Obtan orbital elements from the state vector.
1- Calculate the distance,

A e -

2- Calculate the speed,

=N ¥V = U%{—E-U%,-I—vzz
3- Calculate the radial velocity,

v =r-v/r=(Xvx + Yoy + Zvz)/r Mo

* Notethat if v, > Othe satellite is flying away from peigee.
* If v, < 0, itisflying towards perigee.
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4- Calculate the specific angular momentum,

P Sl >

I
h=rxv=| X

Vx Uy

K
/
V7

5- Calculate the magnitude of the specific angular momentum,
the first orbital element.
h=+h-h
6- Calculate the inclination, ]
; ~jf BZ
t=c8 (?)

Thisisthe second orbital element. Recall that | must lie bet
0'and 180, so thereis no quadrant ambiguity. If 90'<i=180, thejs

orbit is retrograde.
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7- Caculate

This vector defines the node line.
8- Calculate the magnitude of N,
N =+N-N
O- Calculate the RA of the ascending node,
Q = cos~ ! (Nx/N)

the third orbital element. If (Nx/N) = 0,, then O liesin either the

first of fourth quadrant. If (Nx/N) <0, then O lies in either the

second or third quadrant. To place O in the proper quadrant,

observe that the ascending node lies on the positive side of the
vertical XZ plane (O< O <180°) if Ny >0. On the other hand &&= &
the ascending node lies on the negative side of the XZ plang g
(180°< O <360°) if N, . Therefore, Ny~ implies ' thalSe
0< O <180°, whereasNy <0 implies that 180°<O <360°. It
summary,
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

. NS
ms_‘(—}k) (Ny = 0)
N

360° — cos™! (N%) (Ny < 0)
10. Calculate the eccentrici ty vector, starting with equation 2.30,

) —

bac — cab rule
1 r 1 r =z . r
e:—[vxh—p:—]:—[Vx{rxv}—,u,—]:— rv —v(r-v)—pu-—
7 r 7t r L r

So that

3 [0 = 2
e=— (¥ ——)r—ruyv
[ r

11- Calculate the eccentricity

e =/e-e
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The fourth orbital element. Substituting equation 4.10 leads to a
form depending only on the scalars obtained thus far.

K= i-\/(ZM — rv2)rvZ2 4+ (u — rv?)?
J 7
12- Calculate the argument of perigee,

w = cos 1 (N - e/Ne)
the fifth orbital element. If N. e>0, then w lies in either the first
of fourth quadrant. If N. e<0, then w lies in either the second or
third quadrant. To place w in the proper quadrant, observe that
perigee lies above the equatorial plane (0<w<180°)if e points up

(in the positive Z direction), and perigee lies below the plane
(180° <w<360°) if e points down. Therefore ez >0 impliesthat

0 <w<180°, whereasez < 0 implies that 180° <w<360°. To gz

summarize,

[ gt (B (27 > 0)
C (4
Ne el

() = A | i N-e
360° — cos
Ne
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13- Cdlculate the true anomaly,
y el &L
6 = cos ( o )
the sixth orbital element. If er>0, then o liesin the first of fourth

guadrant. If e.r<0, then o lies in the second or third quadrant. To
place o in the proper quadrant, note that if flying away from

perigee (r.v>0), then 0<0<180°, whereas if the satellite is flying
towards perigee (r.v<0), then 180° <0<360°. Therefore, using
the result of step 3 above

/et
l COS ( ) (vr = 0)
i er

e-rr
360° — cos—l( ) o

er

Substituting eguation 4.10 yields an aternative form of this

expression, 1K
o [_ (_ - 1)] (v, > 0) &
e \ur | e

_ . 1 [ W
360° — - — —1 (vy < 0)
e \ ur

The procedure described above for calculating the orbltf
elementsis not unique. =

g =
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EXAMPLE 19.1

X Given the state vector,

r = —60451 — 3490 4 2500K (km)
v = —3.4571 + 6.618] + 2.533K (km/s)

* Find the orbital elements h,i,O,e,w and o using algorithm 4.1.

STEF 1.

r= /T -1 = /(—6045)2 + (—3490)2 + 25002 = 7414 km (a)
STEP2:

v= V-V =+/(=3.457)2 + 6.6182 + 2.5332 = 7.884 km/s (b)
STEP3:

ver (—3.457)- (—6045) + 6.618 - (—3490) + 2.533 - 2500
= 7414

= 0.5575 km/s

Since Vr > 0, the satellite is flying away from perigee
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19- ORBITAL ELEMENTS AND THE STATE VECTOR

EXAMPLE 19.1
STEPA4:
I J K A A )
h=rxv=| —6045 —3490 2500 | = —253801+ 6670] — 52 070K (km?%/s)
—3.457 6.618 2.533
(d)
STEF 5:

h=+h-h=./(—25380)2 + 66702 + (—52070)2 = 58 310 km?/s (e)
STEPG:

/ —52070
i = cos™! e cos ™ =155.2" (f)
h 58 310
STEPT:
A I J K ) A ' :
N=Kxh= 0 0 1 = —6670I — 25 380]

—25380 6670 —52070
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EXAMPLE 19.1

STEPS:
N = +/N-N = /(—6670)2 + (—25380)2 = 26 250 (h)

Using (g) and (h), we compute the right ascension of the node.

STEPO: i Ny 3 —6670
2 =1c08  — =os -
N 26250

) =:104.7" or255.3"

From (g) we know that N, - o;therefore, O must lie in the third

guadrant
R =2553" (i)

U —
r

STEP10: 1
(- 2) e

~ 398600

, 398600 & s g
7.8847 — — —— ) (=604 — 3490] + 2500K)

—4133(—3.4571 4 6.618] + 2.5331'&)}

= —0.091601 — 0.1422] + 0.02644K
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EXAMPLE 19.1

STEP11:

e =+/e-e=+/(—0.09160)2 + (—0.1422)2 + (0.02644)2 = 0.1712 (k)

Clearly, the orbit is an ellipse.

STEF 12:

_j N e
Ne

1 [(=6670)(—0.09160) + (—25380)(—0.1422) + (0)(0.02644)
[ (26 250)(0.1712) ]

( = COS

= COS

= 20.07° or 339.9°

w liesin thefirst quadrant if ¢, - 0, which is true in this case, adia
we see from (i). Therefore, '
w = 20.07° (1)
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