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14- NON-HOHMANN TRANSFERS WITH A COMMON APSE LINE

Commonlapse line

*Above figure illustrates a transfer between two coaxial eIIipticaI
orbits in which the transfer trajectory shares the apse line but is not
necessarily tangent to either the initial or target orbit. g B

* The problem is to determine whether there exists such a trgjecto ¥
joining pointsA and B, and if soto find thetotal Av requirement.
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*x t4 AndT’B areqgiven,
as ae the true
anomalies 6, and 6.

*x  Applying the orbit
equation to A and B on Common\apse line
orbit 3 yields:

hi 1
T4 = —
14 e3costy

r
i 1+ e1cosép

* Solving these two equations for  e3 and h3, we get:

'B— 1A
ra costly — rgcostp

€3 =

(1)

cosfB4 — cosfp

hy = \/H"ArB\/

ra cOsBy — rg cosBp
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* With these, the transfer orbit is determined and
velocity may be found at any true anomaly.

* For aHohmann transfer, in which 04 = 0and
6 = 7, equation (1) become:

I'p — I'A
€3 =
B+ 1A
rat
hy =/ ZM\/ AD (Hohmann transfer) (2
A+ 1B

* Whena Av calculation isdone at apoint whichisSnot ..
on the apse line, care must be taken to include thgid = =28
change in direction as well as the magnitude of thes ’
velocity vector.
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* Figure shows a point where
an impulsive maneuver
changes the velocity vector
from v, onorbit 1tov, on
orbit 2.

x|t isimportant to observe that
the Av we seek is the
magnitude of the change in
the velocity vector. Not the
change In its magnitude
(speed). That is:

Av = ||v, — vyi]| 3)

* Onlyif viandv, are
parallel, as in Hohmann
transfers, isit true that

AV =V, v
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x From the figure and the law
of cosines, we find that,

Av = \/v% - u% — 2viv2 cos Ay (4)

x v =|vi].
v2 =||v2 ”
afb _
Ay =y2—n 2oy

* the direction of Av shows the required
alignment of the thruster that produces the
Impulse.

* The orientation of Avrelative to the local
horizon is found by equation:

tang = ) P
A
* ¢ the angle from the local horizon to
the Avvector
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* An impulsive maneuver results in a change of orbit

and, therefore, a change in the specific energy
x |f the expenditure of propellant

E.

Am s negligible

compared to theinitial mass m;" the vehicle then:

AE =gy — &

x Recall the formula for specific mechanical energy of
an orbit, for the situation illustrated in previous

figure:

V-V
2

B
r

(v? =V:V)mmm) -

£y =
2 s
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14- NON-HOHMANN TRANSFERS WITH A COMMON APSE LINE

Av?
x Hence AS:V]'AV+T

= From figure, It Is apparent

that: Vi-Av=v;Avcos Ay,

* S0 that:

Av? 1 Av
Ae = viAvcos Ay + > = viAv| cos Ay + - —

Lo
al
2 v bﬂrféﬂ;}

x (our assumption) Am<<m; ===
Av<<v) =) Ag X vjAvcos Ay (6)

x|t shows that, for a given Ay, the change
In specific energy is larger the faster the
spacecraft is moving (unless, of course,
the change in flight path angleis  90°

* (NOTE 29,P276,{1})
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EXAMPLE 14.1

* A geocentric satellite in orbit 1 of below executes a deltav
maneuver at A which places it on orbit 2, for re-entry at D.
caculate A p at A and itsdirection relative to the loca horizon.

<« 20000 km ><— 10000 km —
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EXAMPLE 14.1

* From the figure we see that

rg =20000km  rc=10000km  rp = 6378km

x  Orbit 1.
rg — rc
L e —
The eccentricity is 1 -

The angular momentum is obtained from the orbit equation,
noting that C is perigee:

=4).33333

hi 1 hi 1
= = 10000 =

- 208 = by = 72902km? /s
i 1+ e; cos(0) 398600 1 1+ 0.33333 : /

rc

* With the angular momentum and the eccentricity, we can use the
orbit equation to find the radial coordinate of point A, . -

729027 1
398600 1 +0.33333 - cos 150°

TA = 18744 km
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EXAMPLE 14.1

« h=ru, And v.=7(+ccost) Yiglds the transverse and radial
components of velocity at A on orbit 1,

/
i i = :—1 —3.8893km/s (3
A

o0 = Eel sin 150° = 0.91127 km /s
1

* From these we find the speed at A

20000 km —5{<— 10000 km —|

vg)) = \/um)';’ + vy, )% = 3.9946 km/s

* And the flight path angle,

v 0.91127
Y = tan ! r"—)l — tan™"

= 13.187°
vi, ) 3.8893
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EXAMPLE 14.1

x  Orhit 2:

the radius and true anomaly of points A and D on orbit 2 are
known. Applying the orbit equation at A, we get
2 1

h
18 744 = 2
398 600 1 + e; cos 150°

= hi =7.4715 x 10° — 6.4705 x 10°¢; (D)

* Likewise, at point D, which is perigee of orbit 2,

h3 1
398 600 1 + e;

6378 =

= hj =2.5423 x 10” +2.5423 x 10°e; ©

* Equating the expressions for ;I%in(b) and (c), and solving for ¢, |

yielas ey = 0.54692

* Whereupon either (b) or (c) may be used to find
hy = 62711km? /s
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EXAMPLE 14.1

* Now we can calculate the radial and perpendicular components
of velocity on orbit 2 at point A:

h
Vi, )2 = 72 — 3.3456 km /s
A

)2 = e 5in 150° = 1.7381 km/s (d)
2

* Hence, the speed and flight path angle at A on orbit 2 are

va)y) = \/ulﬂ)g + v,,)5 = 3.7702km/s

1.7381
Vi) 3.3456 A

Y2 = tan

+ The change in the flight path angle as a result of the impulsiVESSS
maneuver is -~

Ay = yy — y; = 27.453° — 13.187° = 14.266°
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EXAMPLE 14.1

* With thiswe can use equation ? To finally obtain ~~ Ava,

Avpy = \/UA)% + va)5 — 2v4)1v4)2 COS Ay

= \/3.99‘462 + 3.77022 — 2-3.9946 - 3.7702 - cos 14.266
Avyg = 0.9896 km/s (e)

* Notethat Ava, Isthe magnitude of the change in velocity vector

Avg, a A. that is not the same as the change in the magnitude of
the velocity (i.e., the change in speed), whichis

)2 — v4)1 = 3.9946 — 3.7702 = 0.2244 km /5.

* Tofind the orientation of Awva, veuseequation tang =

.ﬂ.IJJ_

Av)a V)2 —vg)i 17381 —0.9113

. = = —1.5207
Avi)a  vi)2—vi,)1  3.3456 — 3.8893

tang =

Page 296 / 338



14- NON-HOHMANN TRANSFERS WITH A COMMON APSE LINE

EXAMPLE 14.1

xS0 that

$ = 123.3°

/, ?

* This angle is illustrated in above. Prior to firing, the spacecrafts
would have to be rotated so that the centerline of the rocke
motor coincides with the line of action of Av,, with the nozzf

aimed in the opposite direction.
Page 297 / 338



