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 The curve defined by orbit equation is an ellipse:
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 Let 2a be the distance measured along the apse line from 
periapsis P to apoapsis A, as illustrated in figure, then

(2)

 Substituting       and    values into (2), we get:

(3)

 a is the semimajor axis of the ellipse.
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 Solving equation (3) for             and putting the result 
into orbit equation yields an alternative form of the orbit 
equation:

(4)

 Let F denote the location of the body , which is the 
origin of the         polar coordinate system.

 The center C of the ellipse is the point lying midway 
between the apoapsis and periapsis.
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 From equation (4) we have:

(5)

 So              as indicated in the previous figure.

 If the true anomaly of  point B is    , then according to 
equation (4), the radial coordinate of B is:

(6)
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 The projection of       onto the apse line is ae:  The projection of       onto the apse line is ae: 

 Solving this expression for e, we obtain 

(7)

 Substituting this result into equation (6) we get

 According to the Pythagorean theorem, 
(8)
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 Let an xy cartesian coordinate system be centered at C,

 In terms of                , we see that: 
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 In terms of                , we see that: 

 From, this we have:

 For the y coordinate we have (by using equation (8)):

(10)

(9)

 Therefore:
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Using equations (10) and (9), we find: 

8- ELLIPTICAL ORBITS (0<e<1)

 That is: 

(11)

(NOTE14,P59,{1})
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 The specific energy of an elliptical orbit is negative, and 
it is found by substituting the specific angular 
momentum and eccentricity into equation: 

 We have had:
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 We have had:

(12)

 So that:

 This shows that the specific energy is independent of 
the eccentricity and depends only on the a:
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 For an elliptical orbit, the conservation of energy may 
therefore be written:

 To find the period T of the elliptical orbit, we employ 
Kepler�s second law, 

8- ELLIPTICAL ORBITS (0<e<1)

Kepler�s second law, 

(*)

 For a complete revolution

(*) (**)

(**)
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 So that the formula for the period of an elliptical orbit, 
in terms of the orbital parameters h and e, becomes:

 We can substitute into this equation, 

(13)
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 We can substitute into this equation, 
thereby obtaining an alternative expression for the 
period:

(14)

 This expression, reveals that, like the energy, the period 
of an elliptical orbit is independent of the e.
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 Equation (14) embodies Kepler�s third law, the period 
of a planet is proportional to the three-halves power 
of its semimajor axis.

(14)
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 Dividing equations  by         yields:

 Solving  this for e result in 

8- ELLIPTICAL ORBITS (0<e<1)

 Solving  this for e result in 
a useful formula for 
calculating the eccentricity 
of an elliptical orbit, 
namely:

 From figure it is apparent that                   , the distance 
between the foci. As previously noted                   . Thus, 
equation (15) has the geometrical interpretation: 

(15)
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 What is the average distance of       from      in the 
course of one complete orbit?

 To answer this question, we divide the range of the 
true anomaly         into n equal segments       , so that:

8- ELLIPTICAL ORBITS (0<e<1)

 We then use to evaluate

at n equally spaced values of true anomaly starting at 
periapsis:

 The average of this set of n values r is given by:

(16)

Page 134 / 338



 Now let equation (16) becomes:n

)17(

 We know that:

 So, substituting into the integrand yields:

8- ELLIPTICAL ORBITS (0<e<1)

 The integral can be found in integral tabels, which yields.

 So, substituting into the integrand yields:

 Since and , equation (17) implies 
that  

)17(

(18)

 (NOTE15,P61,{1})
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An earth satellite is in an orbit with perigee altitude

and an eccentricity . Find (a) the perigee velocity,
(b) the apogee, (c) the semimajor axis, a; (d) the true-
anomaly �averaged radius (e) the apogee velocity; (f) the
period of the orbit; (g) the true anomaly when (h) the
satellite speed when (i) the flight path angle

EXAMPLE 8.1
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satellite speed when (i) the flight path angle
when (j) the maximum flight path angle

and the true anomaly at which it occurs.

the strategy is always to go after the primary orbital
parameters, eccentricity and angular momentum, first. In this
problem we are given the eccentricity, so we will first seek h.
recall that also that

(a) the perigee radius is
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Evaluating the orbit formula, equation , at
(perigee) we get

EXAMPLE 8.1EXAMPLE 8.1

We use this to evaluate the angular momentum

8- ELLIPTICAL ORBITS (0<e<1)

We use this to evaluate the angular momentum

Now we can find the perigee velocity using the angular
momentum formula, equation :
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(b) the apogee radius is found by evaluating the orbit
equation (apogee):

EXAMPLE 8.1EXAMPLE 8.1

8- ELLIPTICAL ORBITS (0<e<1)

(c) the semimajor axis is the average of the perigee and
apogee radii:

(d) the azimuth- averaged radius is given by equation
(18):
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(e) the apogee velocity, like that at perigee, is obtained
from the angular momentum formula,

EXAMPLE 8.1EXAMPLE 8.1
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(f) to find the orbit period, use equation (14)

(g) to find the true anomaly when we again use
the orbit formula
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This means:

where the satellite passes through on its
way from perigee

and :

where the satellite passes through on its

EXAMPLE 8.1EXAMPLE 8.1
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where the satellite passes through on its
way towards perigee

(h) To find the speed of the satellite we first calculate
the radial and transverse components of velocity:
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For the radial velocity component, use equation

EXAMPLE 8.1EXAMPLE 8.1

8- ELLIPTICAL ORBITS (0<e<1)

The magnitude of the velocity can now be found as

We could have obtained the speed v more directly by using
conservation of energy ( ), since the semi major
axis is available from part (c) above.

however we would still need to compute, and in order to
solve next part of this problem.
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(i) use equation to calcute the flight path angle
at

EXAMPLE 8.1EXAMPLE 8.1

8- ELLIPTICAL ORBITS (0<e<1)

is positive, meaning the velocity vector is above the
local horizon, indicating the spacecraft is flying away from
the attracting force. Where the spacecraft is
flying towards perigee, since the satellite is
approaching the attracting body, the velocity vector lies
below the local horizon, as indicated by the minus sign.
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(j) equation gives the flight path angle in

terms of the true anomaly,

EXAMPLE 8.1EXAMPLE 8.1

To find where is a maximum, we must take the derivative of
this expression with respect to and set the result equal to zero.

8- ELLIPTICAL ORBITS (0<e<1)

this expression with respect to and set the result equal to zero.
Using the rules of calculus,

For the denominator is positive for all values of therefore,
only if the numerator vanishes, that is, if recall

from equation (7) that this true anomaly locates the end-point of the
minor axis of the ellipse. The maximum positive flight path angle
therefore occurs at the true anomaly
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Substituting this into (a), we find the value of the flight path
angle to be

EXAMPLE 8.1EXAMPLE 8.1
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After attaining this greatest magnitude, the flight path angle starts
to decrease steadily towards its value at apogee (zero).
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At two point on a geocentric orbit the altitude and true anomaly

respectively.

Find (a) the eccentricity; (b) the altitude of perigee; (c) the semi
major; and (d) the period.

(a) The radii of the two points are

EXAMPLE 8.2EXAMPLE 8.2
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(a) The radii of the two points are

Applying the orbit formula, equation , to both of
these points yields two equations for the primary orbital
parameters, angular momentum h and eccentricity e
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EXAMPLE 8.2EXAMPLE 8.2

Equation (a) and (b), the two expressions for yields single

8- ELLIPTICAL ORBITS (0<e<1)

Equation (a) and (b), the two expressions for yields single
equation for the eccentricity e,

(b) By substituting the eccentricity back into (a) we find
the angular momentum,
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EXAMPLE 8.2EXAMPLE 8.2

Now we can use the orbit equation to obtain the perigee radius

8- ELLIPTICAL ORBITS (0<e<1)

(c) the semimajor axis can be found after we calcute the apogee radius
by means of the orbit equation, just we did for perigee radius:

(d) Since the semi major axis is available, it is convenient to use
equation (15) to find the period
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