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* (NOTE13,P55,{ 1} )
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* The curve defined by orbit equation is an ellipse:

r=(h*/11)/ (14 ecosb)
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* et 2a be the distance measured along the apse line from
periapsis P to apoapsis A, asillustrated in figure, then

2a =r1p + 14 (2)
* Substituting 7» and”« valuesinto (2), we get:
ok
4= nl—e? )

* aisthe semimajor axis of the elipse.
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* Solving equation (3) for /*/u  and putting the result
Into orbit equation yields an alternative form of the orbit
equation: | — o2

r =

1
( 1+ ecost (4)
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* Let F denote the location of thebody 1, which is the

origin of the r,6 polar coordinate system. - -

* The center C of the dlipse is the point lying midway¥ss
between the apoapsis and periapsis.

CF=::I—FP=(J—?‘P
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* From equation (4) we have:

rp =a(l —e) (5)
* SO0CF =ae. asindicated in the previous figure.

* If the true anomaly of point B is g , then according to g "m,
equation (4), theradial coordinate of B is: &

1 — e?

a
l+ecosp

'B = (6)

Page 125/ 338



8- ELLIPTICAL ORBITS (0<e<1)

a | e

B

F
b
A - l \ \ Apse

P’ (- F line
ae

Ve -rp —]

X The projection of 75 onto the apselineis a&e:

1 — e?
= 180 — = — = —
ae = rg cos( B) rg cos B (al s cosﬁ) cos BB

X Solving this expression for e, we obtain
e = —cos 3 (7
X Substituting this result into equation (6) we get
rg = da
* According to the Pythagorean theorem,
b* = ri — (ae)* = a* — a’e® —> b=ﬂm
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* Let an xy cartesian coordinate system be centered at C,
* Intermsof r and 6., we see that:

— ae+ 0 = ae + ] — e? 0— e + cosb
X =ae+rcosf = ae a1+€c059 Cos _a1+ec059

% From, thiswe have:
X e + cos@ ©)

a 14 ecosf
* For they coordinate we have (by using equation (8)):

, 1 — e? , V1—e2 |
y=rsinf=|a sind = b——sinf
1+ ecosé 1+ ecosf
y v1—er |
* Therefore: 7 = oosp S0Y (10)
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* Using equations (10) and (9), we find:

ﬁ_|_y_2= : [(e+c059)2+(1—62)sin29]
a2 b2 (14 ecosh)?
1
— T 92 [ez + 2e c059+c0529+ sin @ — e? sin? 9]
€ COS
1 _
— 1T 92 €2+2€C059+1—€251H29]
€ COS -
1 r 2 .2
= AT ecosd” ¢“(1 — sin”6) + 2e cos 6 + 1]

1

2 2
— cos“ 6+ 2 0+ 1
(1 + e cosB)? [E ° £ cos }

= (1T ec0s0)? (1+ ecosB)?

x Thatis;

xz yz
— 11
2=t -
(NOTE14,P59,{1})
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* The specific energy of an elliptical orbit is negative, and
it is found by substituting the specific angular
momentum and eccentricity into equation:

2

1 5
=t )
* We have had:
2
a:h L _>h2=,u,ﬂ(l—€2)
nl—e?
X So that:
° T 24 (12) sy 5 S

* This shows that the specific energy is independent of
the eccentricity and depends only on the &
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* For an elliptical orbit, the conservation of energy may
therefore be written:

* To find the period T of the elliptical orbit, we employ
Kepler’s second law,
dA/dt=h/2, ——> AA = gm *

X For acomplete revolution

AA=rmab
mTa 09 T — ZIIHE? cmo -~
At = h
%
b= av 1 — e?

) —>T="" otV 1- ¢ = 7

h

(PF 1 )Zm

i 1l—e?

,u,l—ez
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* S0 that the formula for the period of an elliptical orbit,
In terms of the orbital parameters h and e, becomes:

27 h 3
T = > (13)
1o\ A1 — e?

* We can substitute 7 =,/ua(1 — ¢2) into this equation,
thereby obtaining an aternative expression for the
period:

27T 3
az (14)

of an elliptica orbit isindependent of the e.
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27T 3
az (14)

X Equation (14) embodies Kepler’s third law, the period
of a planet is proportiona to the three-halves power
of Its semimajor axis.
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* Dividina eauations 1, by 1, yields:
o1
Ip M 1 + e _ l—e < a - =

r, _1—|-€
|

wl—e

* Solving thisfor € result in
a useful formula for
calculating the eccentricity
of an édlipticad orbit,
namely: — Fa —Tp (15) 5

Ta + p

* From figure it is apparent that r, —r, = F'F , the distance 4 %

between the foci. As previoudly noted r, + r, = 2a . Thus
equation (15) has the geometrical interpretation:

distance between the foci

eccentricity =
e length of the major axis
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* What is the average distance of #, from m; In the
course of one complete orbit?

X To answer this guestion, we divide the range of the
true anomaly(2z) into n equal segmenttA6 |, so that:

B 27
T Af
* Wethenuse r=(h*/u)/(1+ ecosf)to evaluate r(6)

at n equally spaced values of true anomaly starting at
periapsis.
Gi=0; BH=A0, 0:=2A0::;0;=(n—1)A0 =

X The average of thisset of n vaIu&sr ISgiven by:

Zr(é’)—MZr Zré’)/_\.@ (16)
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* Nowlet n— o equation (16) becomes:

1 2w
i — — r(6)do
2?! 0
_ 1 — ¢?
* \We know that: r—a
1 +ecosé

% S0, substituting into the integrand yields:

1 Z dp
rg = —a(l — ez)/
27 o 1+ecosb

* Theintegral can be found in integral tabels, which yields.

Ty = ia(l—ez)( i ):wl — e?

2 Al 1 — g2 / V=
* Sincer,=a(l—e¢)and r,=a(l+e), equation (17) implicS

that ro = /Tpla (18)
* (NOTE15,P61,{1})
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EXAMPLE 8.1

An earth satelliteisin an orbit with perigee dtitude  z, =400km

and an eccentricity e=0.6. Find (a) the perigee velocity, vp;
(b) the apogee, r,; (c) the semimgor axis, a; (d) the true-
anomaly —averaged radius 7,; (€) the apogee velocity; (f) the
period of the orbit; (g) the true anomaly when r =ry; (h) the
satellite speedwhen r=7,; (1) the flight pah angle
y  when r = 7p; (j) the maximum flight path angle ymax

and the true anomaly at which it occurs.

the strategy is aways to go after the primary orbita
parameters, eccentricity and angular momentum, first. In this
problem we are given the eccentricity, so we will first seek h
recal that asothat Ry = 6378 km.

() the perigeeradiusis

r, = R + 2, = 6378 + 400 = 6778 km
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EXAMPLE 8.1

Evaluating the orbit formula, equation = %2_1+€1CO89 at
(perigee) we get
h* 1
rp —
mwl+te
We use this to evaluate the angular momentum

Now we can find the perigee velocity using the angular._;i
momentum formula, equation § =
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