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15- APSE LINE ROTATION

* T he above figure shows

two intersecting orbits
which have a common
focus, but their apse
lines are not collinear.

* A Hohmann transfer _ |
between them is clearly 4
impossible

= The opportunity for
transfer from one orbit
to the other by a single
impulsive maneuver :
occurs at points| and j /A’

Apse line of
orbit 1

Apse line of
orbit 2

* As can be seen from the figure, therotation onthe apselineis,,

n=~06 —6t (1)
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15- APSE LINE ROTATION

xwe will consider two
cases of apse line
rotation.

1- the first case is that in
which the apse line
rotation 7 is given as
well as e and h for both —

orbits. Apse line of
2- the second case is that in orbit 2
which the impulsive
maneuver takes place at
agiven true anomaly £

Apse line of
orbit 1

on orbit 1.

* In the first case the problem is to find the true anomaly of | and J tg&

both orbits, and in the second case the problem is to determine thes
angle of rotation ™mnd the eccentricity of the new orbit. :
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15- APSE LINE ROTATION

* Now we will consider the first case.

* The radius of the point | is given by either of the
following:

h? 1 ~ 7
i = — 2 2
1 i1+ e cosb t’:’]h% cos by — E’Qh‘% Cos bh = hi’ o hﬁ

h3 1
n)y = —= 6y =067 —1 o
1)2 nwl+ecosh = 2 L=
1= 1) cos (6; — n) = cos By cos n+sin by sin

= acosf; +bsinf =c¢ (2a)

* where:

a = erhs — exh? cos) b= —eyhisiny c=h
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15- APSE LINE ROTATION

x Equation (2a) has two roots, corresponding to two
points| and J.

E
6, = ¢ £ cos™! (— COS gb) (3a)
o
* Where:
1 b
¢ =tan  — (3b)

a

* Having found 6,nveobtain  6)from equation (1);

* Now we can also compute Av  for impuls 3
Mmaneuve. :
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15- APSE LINE ROTATION

EXAMPLE 15.1

* An earth satellite is in an 8000km radius orbit (orbit 1 of below
figure) calculate the delta-v and the true anomalys, required to
obtain a 7000km by 21000km radius orbit (orbit 2) whose apse
lineisrotated 25° counterclockwise. Indicate the orientation

¢ of Av to thelocal horizon.
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15- APSE LINE ROTATION

EXAMPLE 15.1

* The eccentricities of the two orbits are
= 16 000 — 8000
o = 0.33333
ra, +rp, 16000 4 8000 (a)
ra, —rp, _ 21000 —7000
ra, +7rp, 2100047000

x The orbit equation yields the angular momenta
h% 1 hf 1

rp, = —L — 8000 =
L ) 398600 1 + 0.33333

I 1 h3 1
IR Tt = = =
i 1+ ey cos(0) 398600 1 4 0.5
* Using these orbital parameters and the fact that 5 =25° ,we -
calculate the terms in equation (2b) &
a=eh3 — et cosy = 0.3333-64694% — 0.5-652052- cos25° / i =

&=

€ =

= h; = 65205km?/s

= h = 64694 (b)

= —5.3159 x 10% km*/s?

b

c=h? — hZ = 65205% — 64694% = 6.6433 x 107 km*/s?
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15- APSE LINE ROTATION

EXAMPLE 15.1

* Then equation (3) yields

| —8.9843 x 108
—5.3159 x 108

6.6433 x 107
—5.3159 x 108

== 59.30°

¢ =tan

61 = 59.39° & cos™! ( cos 59.39“) =-59.39" £ 93.65°

x Thus, the true anomaly of point I, the point of interest, is
6, = 153.04° (c)
(For point J, 8; = 325.74°.)

*  With the true anomaly avalable, we can evduate the radid ..
coordinate of the maneuver point, y

i :

| =t
pm 14 e cos153.04°

=15175km
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15- APSE LINE ROTATION

EXAMPLE 15.1

* Thevelocity components and flight path angle for orbit 1 at point

| are
h 65 205
v, =+ = — 4.2968 km/s
r 15175
F ¥ ] < 398 600 . e
Uy, = e; 5in 153.04°" = ——— -0.33333.5in 153.04” = 0.92393 km/s
F1q 65 205
—1 U"’l o
1 = tan — = 12.135
v,

* The speed of the satellitein orbit 1 is, therefore

vi =,/vZ + v}, =4.3950km/s

* Likewise, for orhit 2,
E 04 694

Vi, = 2= — 4.2631 km/s 2o Ty
= r 15175 =
73 _ o - 398 600 ) E <,
vy, = -—e25in(153.04" — 25%) = ——— - 0.5-s5in 128.04° = 2.4264 km/s |
f12 64 694 =
—1 Ufz o
2 = tan — = 29.647
B

vy, = ,fvf;'z + vi = 4.9053km/s
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15- APSE LINE ROTATION

EXAMPLE 15.1

* Equation ?Isusedtofind Auv,

Av = U% ¢ g U% — 2v1vyc08(y2 — ¥1)

— /4.39502 + 4.90532 — 2-4.3950 - 4.9053 cos(29.647° — 12.135°)
Av = 1.503 km/s

* Theangle ¢ which the vector Av males with the local horizon is

given by following equation

| 2.4264 — 0.92393 o
= 91.28° gy

¢$ = tan_l ﬂ = ‘[an_l u — tan
Av, I . 4.2631 — 4.2968
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15- APSE LINE ROTATION

x The second case of apse line rotation is that in which
the impulsive maneuver takes place at a given true
anomaly 6, onorbit 1.

* The problem isto determine the angle of rotation 7

and the eccentricity e2f the new orbit.

x The Impulsive maneuver creates a change in the
radial and transverse velocity components at point |
of orbit 1.

x From the angular momentum formula, we obtain the
angular momentum of orbit 2.

h=rvi=> hh=r(vy +Av))=h +rAv; @
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15- APSE LINE ROTATION

« Theformulafor radia velocity Vr = (/¢/h)esiné

applied to orbit 2 at point |, where:

Ur, = Uy, + AU: L .
L = U, + Av, = —es1n6,)
92 = 91 =l ;‘!2

—

x Substituting eguation (4) into this expression and

solving for sin #,leads to:

1 (hy +rAvy)(pe; siny + hy Av,)
() hy

sin 6) =
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x From the orbit equation, we have at point |

h? 1

r—= 1 (orbit 1)
w14 e;cosb
h? 1

pi— -2 (orbit 2)

w1+ e cosb

x Equating these two expressions for r, substituting

equation (4) and solving for  cos 6, yields:

1 (hy +rAv])%e cos + (2hy + rAv)rAv)
costh = — 5
€ hl

Page 311/ 338



15- APSE LINE ROTATION

x Finally we obtain:
(6

) h (hy +rAvy)(ue; sin@; + hy Av,)

|:> tan@) = — (7a)
© w (hy +rAvy)%e1cosb) + (2hy +rAv ) )rAv)
5

x Equation (7a) can be simplified a bit by the next
replacements:

[ey sin By I:> hivy, h |:> Fvl,

xS0 that:

(v, + Avy )(v, + Av,) Uii

(7b)
(vi, + Avy)?eycos6; + (2vy, + Avy)Avy (u/r)

tan @ —

x Equations (7) show how the apse line rotation,

n==>01 —6is completedly determined by
components of Avmparted at the true anomaly
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x After solving equation 7 (aor b), we will:

e
) = 0 = 06,6 = -mm) Rotate orbit 2 is
4 = h completely specified
x |f the iImpulsive maneuver takes place at the periapse
of orbitl,sothat 6,=v,=0 andifitisalso true
that Av; =0, then equation (7c) yields.

rvg,
e

ry=— Av, (with radial impulse at periapse )&

+ (NOTE30,P283,{1})
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EXAMPLE 15.2

* An earth satellite in orbit 1 of bellow figure undergoes the
indicated delta-v maneuver at its perigee. Determine thy rotation
of itsapse line.

ij}v = 2km/s

17000 km ——

7000 km
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