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The angular momentum of      relative to     is:

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

2m 1mT 1

The velocity of        relative to 2m 1m

 Let us divide this equation through by    and let , so   
that

h: the relative momentum of          per unit mass  (the specific relative 
angular momentum), 

2m
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 Taking the time derivative of h yields:

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

According to previous lecture 

(3)

According to previous lecture 

 So that: 

 Therefore:

(4)
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7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

The unit vector normal to the plane

The path of       around      lies in a 
single plane

 At any given time, the position vector r and the 
velocity vector     lie in the same plane

 Their cross product            is perpendicular to that 
plane

:�h

1m
2m

(5)
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 Let us resolve the relative velocity vector    into 
components    and    along the outward radial from                                                        

and perpendicular to it:

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 We can write equation (2) as:

 That is:

 The angular momentum depends only on the azimuth 
component of the relative velocity.

(6)
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 During the differential time interval dt the position vector r 
sweeps out area dA

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 From the figure it is clear that triangular area dA is given by:

 Therefore, using equation (6) we have:

 According to (7) areal velocity is constant kepler�s second law 
(equal area) are swept out in equal times (1571-1630)

:areal velocity

(7)

Page 90 / 338



 Now, we are going to integrate the equation of 
motion of      relative to     :

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 Before that, recall several useful vector identities :

(8)

(9)

(10)

(11)

(12)
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 Now let us take the cross product of both sides of 
equation (8) with the specific angular momentum h:

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

Since: 

so the left hand side of equation (13) can be written:

(13)

so the left hand side of equation (13) can be written:

 But we have had            (Equ.4), so finally the left 
hand side of equation (13) can be written as: 

(14)
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 The right- hand side of equation (13) can be 
transformed by the following sequence of substitutions: 

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 But

 Therefore 

(15)
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 Substituting equation (15) , (14) into Equation (13) 
we get:

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

or

Where the vector C is an arbitrary constant of 
integration having the dimensions of 

Equation (16) is the first integral of the equation of 
motion 

that is:

(16)
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 Taking the dot product of both sides of equation (16) 
with the vector h yields: 

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

&

&

Since  h is normal to the orbital plane so C must lie in 
the orbital plane.

&

Page 95 / 338



 Let us rearrange equation (16) and write it as: 

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

: The dimensionless vector �eccentricity� 

The line defined by the vector e commonly called the 

(17)

The line defined by the vector e commonly called the 
apse line.

 In order to obtain a scalar equation, let us take the dot 
product of both sides of equation (17) with r

(19)

(18)

(20)
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7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

e: The magnitude of the eccentricity vector e 

: is the true anomaly (the angle between the fixed vector e and the 

variable position vector r. (other symbols used to represent true 

anomaly include            , �. ) 
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 Substituting expressions (19), (20) in (18) yields:

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 In

(21)

 In

 substituting this expression into equation (21), we get

or

(22)

(23)
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This is the orbit equation, and it defines the path of the 
body       around     , relative to    .

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

(23)

Since the orbit equation describes conic sections 
including ellipses, it is a mathematical statement of 
Kepler�s first law, namely, that the planets follow 
elliptical around the sun.

 Two- body orbits are often referred to as Keplerian
orbits.

0&tan,,Re*  etsconsehmember 
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 Integration of the equation of relative motion, leads to 
six constants of integration.

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

In this section it would seem that we have arrived at 
those constants, namely the three components of the  those constants, namely the three components of the  
angular momentum h and the three components of the 
eccentricity vector e.

 However  we showed that h is perpendicular to e. this 
places a condition, namely h.e=o, on the components of 
h and e, so that we really have just five independent 
constants of integration. (Note8,P47,{1})
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7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 The angular velocity of 
the position vector r is  ,  
the rate of change the true 
anomaly. 

The component of 
velocity normal to the velocity normal to the 
position vector is found in 
terms of the angular 
velocity by the formula

 Substituting this into equation             yields the 
specific angular momentum in terms of the angular 
velocity.

(24)

(25)
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7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 It is convenient to have formulas 
for computing the radial and 
azimuth components of  velocity.

For azimuth components we 
have:

 For radial components we will have
(*)

(*)

(26)

(27)
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7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 From  equation:

 we see that       comes closest to    
(r is smallest) when           

The point of closest approach lies on the apse line and is 
called periapsis.

 The distance      to periapsis is: 

(unless           , in which case the 
distance between       and      is 
constant) 

 at periapsis

(28)
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7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

: Flight path angle

 is the angle that the 
velocity vector v makes 
with the normal to the 
position vector.

 the normal to the 

 It is clear that:

 the normal to the 
position vector points in the 
direction of     , and it is 
called the local horizon.

(29)
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 Substituting       and      we will have:

7-ANGULAR MOMENTUM AND THE ORBIT FORMULAS

 the trajectory described by the orbit equation is symmetric 
about the apse line. Why? 

 because 

 Chord: the straight line 
connecting any two points 

(30)

connecting any two points 
on the orbit

 The latus rectum: the 
chord through the center of 
attraction perpendicular to 
the apse line.

 parameter P: two equal parts divided by the center of 
attraction on the latus rectum.

Note:9,P50,{1})(31)
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